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Unified bulk semiclassical theory for intrinsic thermal transport and magnetization
currents
Cong Xiao and Qian Niu
Department of Physics, The University of Texas at Austin, Austin, Texas 78712, USA
We reveal the unexpected role of the material inhomogeneity in unifying the formulation of in-
trinsic thermal and electric transport as well as magnetization currents. The smooth inhomogeneity
leads to the phase-space Berry curvature and position dependent local band dispersion, which allow
a general and rapid access to transport and magnetization currents displaying the momentum-space
Berry curvature physics. This theory does not invoke the boundary current, the thermodynamic
approach to magnetization or any mechanical counterpart of statistical forces. By introducing a
fictitious inhomogeneity, it applies to homogeneous samples as well, promoting the inhomogeneity
to be a basic trick in the semiclassical transport theory. It works regardless of the driving force
of transport, e.g., temperature gradient, in contrast to the trick of the fictitious gravitational field
in quantum transport theories. We thus include more general mechanical driving forces and estab-
lish the Mott relation between the resulting transport thermal and electric currents, whereas this
relation for these two currents was previously only known when an electric field is the driving force.
I. INTRODUCTION
Momentum-space Berry curvature effects in various
nonequilibrium phenomena in crystalline solids driven by
statistical forces, namely the gradients of temperature
and chemical potential (∇T and ∇µ), have been exten-
sively studied in recent years. Prominent examples in-
clude the anomalous and spin Nernst effects [1–4] and the
thermal Hall effect [5–15]. A basic issue in these phenom-
ena is that the macroscopic transport current of interest
differs from the local one by the so-called magnetization
current [1, 16]. An efficient, intuitive and systematic ap-
proach to subtracting the magnetization current from the
local one is thus vital for understanding the anomalous
thermoelectric and thermal transport.
Quantum theories have been formulated to address the
aforementioned phenomena. For this purpose, a fictitious
gravitational potential [6–10, 17–19] or a thermal vec-
tor potential [20] has to be introduced as the mechanical
counterpart of the temperature gradient. Alternatively
the gauge theory of gravity (Cartan geometry) combined
with the Keldysh perturbation formalism is employed,
describing the magnetization of the thermal current ther-
modynamically as a torsional response [21]. Nevertheless,
such approaches are usually technically complicated and
less intuitive compared to the semiclassical ones.
Semiclassical theories, based on the Berry-curvature
modified semiclassical equations of motion of the carrier
wave-packets, are intuitive and thus found many applica-
tions in the intrinsic anomalous thermoelectric and ther-
mal Hall effects [1, 2, 6, 7, 11, 13–15]. However, when
the thermal (energy) current response is considered, a
thorough and systematic understanding of its transport
and magnetization parts from the semiclassical theory is
still lacking. On one hand, the existing semiclassical the-
ory on the basis of bulk considerations [1] can only deal
with the thermal current induced by the electric field
E, but cannot accommodate that induced by statisti-
cal forces. On the other hand, the semiclassical theory
based on the edge-current picture [6, 7] cannot include
the effect of a uniform E field. And how to identify the
local and magnetization currents in this approach is not
apparent. Moreover, these semiclassical theories assume
no bulk material inhomogeneity, which is too ideal to be
true in realistic samples [16].
In fact, dealing with the material inhomogeneity is in-
convenient in quantum theories due to the absence of
the translational symmetry. The few quantum theories
that cover this situation have to avoid the momentum-
space formulation [18, 19], thus hindering the manifes-
tation of the momentum-space Berry curvature physics.
On the contrary, the material inhomogeneity, assumed to
be smooth in the spread of a wave-packet, can be natu-
rally incorporated into the semiclassical theory due to the
locality of the wave-packet [22], although this advantage
has not been fully exploited in previous considerations
on thermal transport.
In this paper, based on pure bulk considerations we
formulate a semiclassical theory for the thermal current
response in the presence of (E,∇µ,∇T ) as well as mate-
rial inhomogeneity. The smooth inhomogeneity not only
leads to position dependent local band dispersions, but
also introduces the phase-space Berry curvature, which
modifies the semiclassical equations of motion and the
phase-space measure [23]. Notably, we show that these
ingredients in addition to the anomalous velocity allow a
general and rapid access to thermal transport and magne-
tization currents displaying the momentum-space Berry
curvature physics. As a result, this theory does not need
to appeal to the edge-current picture, the thermodynamic
and electrodynamic approaches to various (orbital, par-
ticle, energy and thermal) magnetizations [1, 21, 24] or
any mechanical counterpart of statistical forces.
The present theory also applies conveniently to homo-
geneous samples by introducing an auxiliary material in-
homogeneity, thus providing a unified semiclassical treat-
ment for the intrinsic thermal transport in both inhomo-
geneous and homogeneous systems. Differing from pre-
2vious thermal transport theories which tend to avoid the
material inhomogeneity in their formulations, our theory
promotes the inhomogeneity to be a basic and generic
trick in the semiclassical transport theory. Remarkably,
unlike the trick of the fictitious gravitational field [9, 17–
19] which mimics the temperature gradient in quantum
transport theories, the trick of inhomogeneity is indepen-
dent of the driving force of transport, thus is not limited
to the transport induced by (E, ∇µ, ∇T ).
To show this generality, we work out the linear electric
and thermal transport driven by the first-order spatial
gradients of any gauge-invariant static scalar (ϕ) and vec-
tor (F ) fields that enter the single-particle Hamiltonian
in the form of ϕ (r) + θˆ ·F (r). Here θˆ is the observable
coupled to the F field. A particular example covered is
the thermoelectric transport driven by the gradient of a
Zeeman field. To study transport we need to subtract the
orbital and thermal magnetization currents in the pres-
ence of the aforementioned perturbations, which have not
been addressed in previous theories. We establish for the
first time the Mott relation between the transport ther-
mal and electric currents induced by the generic driving
forces, whereas, for these two kinds of current, textbooks
[25, 26] and previous studies only proved the Mott rela-
tion when an electric field is the driving force.
Our paper is organized as follows. Section II is devoted
to the preliminaries of the magnetization current and
the semiclassical wave-packet dynamics under nonuni-
form circumstances. In Sec. III we set forth the theory
for obtaining the magnetization current at global equi-
librium without any statistical inhomogeneity or electric
field. The theory is then extended to involve both the
magnetization and transport currents in the presence of
statistical forces and the electric field in Sec. IV. We
show that this approach applies to homogeneous samples
as well in Sec. V. Finally, we include more general driv-
ing forces into our theory in Sec. VI, and conclude the
paper in Sec. VII.
II. PRELIMINARIES
A. Local current and magnetization current
The local thermal current density is given by
jh (r) ≡ jE (r)− µ (r) jN (r) , (1)
where jE (r) and jN (r) are the local energy current and
local particle current densities, respectively. Since jE and
jN are conserved currents, there can be a circulating com-
ponent that is a curl of some bulk quantity and cannot
be measured in transport experiments [16]. If the quasi-
particle number is not conserved, jN is not well defined
but µ = 0, thus jh (r) ≡ jE (r). For carriers with a con-
served charge, say, electrons with charge e, the particle
current implies a charge one jei (r) = ej
N
i (r), whose cir-
culating component is the orbital magnetization current
je,mag = ∇ ×M e according to electromagnetism, with
M e being the orbital magnetization. Given this con-
vention, the circulating energy and particle currents can
be termed as magnetization currents jE,mag = ∇ ×ME
and jN,mag = ∇ ×MN, with ME and MN being re-
spectively the energy magnetization and particle magne-
tization, albeit the thermodynamic definitions of these
magnetizations are not apparent. The local current den-
sity is thus composed of the transport and magnetization
parts: jE(N) (r) = jE(N),tr (r) + jE(N),mag (r), and then
jh (r) = jh,tr (r) + jh,mag (r) . (2)
Here the thermal magnetization current density jh,mag ≡
jE,mag − µjN,mag is given by
jh,mag =∇× (ME − µMN) +∇µ×MN, (3)
which is not simply a curl of some thermal magnetization
in the presence of statistical inhomogeneity.
B. Semiclassical description in nonuniform bulk
In the semiclassical theory [23, 26], a Bloch electron is
physically identified as a wave-packet |Φ (qc, rc, t)〉 that is
constructed from the Bloch states in a particular nonde-
generate band (the band index n is omitted for simplicity,
unless otherwise noted) and is localized around a central
position rc and a mean crystal momentum qc. Assuming
all the fields are static and vary slowly on the spread of
the wave-packet, the wave-packet dynamics is described
by the equations of motion [22] (we set ~ = 1)
r˙c =∂qcε− Ωqcrc · r˙c − Ωqcqc · q˙c,
q˙c =− ∂rc
[
ε+ eφ (rc)
]
+Ωrcrc · r˙c +Ωrcqc · q˙c. (4)
Here (Ωλλ)ij = 2 Im〈∂λju|∂λiu〉 are the Berry curvatures
derived from the periodic part |u〉 of the Bloch wave,
where i and j are Cartesian indices, and λ = rc, qc.
To study the magnetization current which only mani-
fests itself in the presence of inhomogeneity, we introduce
a slowly varying nonuniform mechanical field w (r) that
has reached an equilibrium state with the electron sys-
tem. Hence the spatial derivative ∂rc in the equations
of motion acts through w (rc). This is a route to mani-
fest the magnetization current in bulk even in the global
equilibrium without position dependent temperature or
chemical potential, outside of the scope of all previous
semiclassical theories [1, 6, 7, 11]. The w field can ex-
ist indeed in the system, representing the bulk material
inhomogeneity, or just be a auxiliary tool in a homoge-
neous sample. In the latter case it can be dropped after
identifying the magnetization current. The specific form
of w field is not needed, but it should not be a scalar one.
In the equations of motion, ε + eφ (rc) is the wave-
packet energy, with ε being its value without the cou-
pling to driving fields that do not equilibrate with the
system, such as the electrostatic potential eφ (rc). The
3dipole moment correction from the gradient of w (rc) to
the wave-packet energy [22] is not essential for the present
topic, as can be easily verified.
Within the validity of the uncertainty principle, the
phase-space occupation function f (qc, rc) of a grand
canonical ensemble of dynamically independent semiclas-
sical Bloch electrons can be defined, and the phase-space
measure D (qc, rc) has to be introduced. Because of the
non-canonical structure of the equations of motion (4)
shaped by the Berry curvatures [27], D 6= 1 and reads
D (qc, rc) = 1 +
(
Ωqcrc
)
ii
(5)
up to the first order of inhomogeneity. Summation over
repeated Cartesian indices is implied henceforth. The
number of states within a small phase-space volume is
hence given by Dfdrcdqc/(2π)
d, with d as the spatial
dimensionality. In this paper we do not consider the off
equilibrium distribution function, as the pertinent trans-
port contributions can be described by the Boltzmann
equation [26].
Before proceeding, we note that the present approach
differs from the semiclassical theory employing the edge-
current picture [6, 7, 11]. In the latter a nonuniform
boundary confining potential is essential, whose role may
be viewed to be similar to our w field in bulk. However,
the boundary confining potential is a scalar potential
thus only shifts the wave-packet energy and contributes
to the anomalous velocity. It does not give rise to a phase-
space Berry curvature Ωqcrc , which is, on the other hand,
indispensable in our bulk approach.
The semiclassical wave-packet theory introduced above
allows for acquiring the local current densities, which re-
duce to the magnetization ones in the absence of any sta-
tistical inhomogeneity or mechanical driving force. Hence
we will first obtain the magnetization current in this case,
based on which we can go further to identify the mag-
netization current in the presence of the statistical inho-
mogeneity and mechanical driving force. The transport
current are thus reached by subtracting the magnetiza-
tion current from the local one.
III. MAGNETIZATION CURRENT AT GLOBAL
EQUILIBRIUM
First we look at the case of global equilibrium without
any statistical inhomogeneity or mechanical force driving
nonequilibrium states. As is pointed out above, in the
presence of a nonuniform mechanical field w that equi-
librates with the electron system, jE = jE,mag 6= 0 and
jN = jN,mag 6= 0 in the bulk. Thus we have
jh = jh,mag =∇×Mh, (6)
where Mh =ME − µMN is the thermal magnetization
in the absence of electric fields, and µ is a constant.
In the semiclassical theory the local energy current
density reads
jEi (r) ≡
∫
[dqc] drcDf (ε) ε〈Φ|vˆiδ (rˆ − r) |Φ〉, (7)
and the local particle current density is
jNi (r) ≡
∫
[dqc] drcDf (ε) 〈Φ|vˆiδ (rˆ − r) |Φ〉. (8)
Here [dqc] is shorthand for
∑
n dqc/ (2π)
d, and vˆi is the
velocity operator. Expanding the δ function to first order
of rˆ − rc yields
jhi (r) =
∫
Df (ε) (ε− µ) 〈Φ|vˆi|Φ〉|rc=r (9)
− ∂rj
∫
f (ε) (ε− µ) 〈Φ|vˆi
(
rˆj − rj
)
|Φ〉|rc=r.
Henceforth we omit the center position label c, and the
notation
∫
without integral variable is shorthand for∫
[dqc]. We are limited to the first order of spatial gradi-
ents, thus it is sufficient to set D = 1 in the second term
in the above expansion.
To proceed, we introduce two functions g (ε, µ, T ) and
h (ε, µ, T ) which satisfy
∂g
∂ε
= f (ε) ,
∂h
∂ε
= f (ε) (ε− µ) .
In fact g (ε) = −kBT ln[1+e
−(ε−µ)/kBT ] is the grand po-
tential density contributed by a particular state, whereas
h = −
∫∞
ε dηf (η) (η − µ). Then the local thermal (par-
ticle) current density reads [1, 11]
jh(N) =
∫
D
∂F
∂ε
r˙ +∇×
∫
∂F
∂ε
mN for F = h (g) .
(10)
The first and second terms come from the motion of the
wave-packet center with velocity r˙ = 〈Φ|vˆ|Φ〉 and the
wave-packet self-rotation, respectively. mN is the parti-
cle magnetic moment, which is the vector form of the an-
tisymmetric tensor mNji = 〈Φ|vˆi
(
rˆj − rj
)
|Φ〉|rc=r (sym-
metrization between operators is implied) [23]. For jh
the second term reads alternatively ∇ ×
∫
fmh, with
mh = (ε− µ)mN being the so-called thermal magnetic
moment [11].
Above expressions for the local current are well known.
However, now we are in a position to acquire the thermal
magnetization current from a pure bulk consideration,
outside of the scope of the previous bulk semiclassical
theory [1]. In fact, in the latter the inhomogeneity is
solely due to the statistical ones (∇T 6= 0, ∇µ 6= 0),
thus jh(N) = 0 at global equilibrium. Moreover, there
the orbital magnetization (M e = eMN) is acquired sep-
arately by the thermodynamic method, namely, as the
derivative of the grand potential density with respect to
magnetic field [1], and then the magnetization current is
obtained. This route poses the basic requirement for a
thermodynamic definition of the thermal magnetization,
4which is not evident in the familiar context of condensed
matter physics. The particle magnetization current of
neutral quasi-particles that do not couple to the mag-
netic field by the Lorentz force [4] suffers from the same
situation. In contrast, in the present transport approach,
as will be shown, the thermal magnetization and particle
magnetization currents emerge naturally.
Plugging the equations of motion (4) in the first order
of inhomogeneity and the phase-space measure (5) into
the first term of (10) and making use of ∇F = ∂εF∇ε,
we arrive at
∫
D
∂F
∂ε
r˙ =∇×
∫
F (ε)Ωq, (F = g, h), (11)
with
(
Ωq
)
k
= 12ǫijk
(
Ωqq
)
ij
being the vector form of the
momentum-space Berry curvature. This is one of the piv-
otal results of our approach. Since r˙ represents the mo-
tion of the wave-packet center, it may not be very appar-
ent to envision that
∫
D ∂F∂ε r˙ can be totally a part of the
magnetization current. In fact, in the previous semiclas-
sical paradigm [1, 6, 7, 11],
∫
D ∂F∂ε r˙ was only viewed as
a part of the transport current. Therefore, the present
approach indicates a new perspective that the motion of
the wave-packet center can also give rise to magnetization
current in the bulk of nonuniform samples.
According to the above two equations we get
jh(N) =∇×
∫
(
∂F
∂ε
mN + FΩq) for F = h (g) . (12)
Since they are just the magnetization currents, we iden-
tify the particle magnetization asMN =
∫
(fmN+ gΩq)
and the thermal magnetization as
Mh =
∫
(fmh + hΩq) (13)
up to a gradient. Our result for MN is consistent with
the thermodynamic one [1, 24], and the obtained Mh
coincides with that obtained using the gauge theory of
gravity [21], where the thermal magnetization is thermo-
dynamically defined as the derivative of the grand poten-
tial with respect to the torsional magnetic field, further
confirming the validity of our theory.
IV. TRANSPORT AND MAGNETIZATION
CURRENTS IN THE PRESENCE OF DRIVING
FORCES
In the presence of statistical inhomogeneity (∇T 6= 0,
∇µ 6= 0), the local current density consists of both the
magnetization and transport parts. Manipulations simi-
lar to Eq. (9) lead to the local thermal current density
jh =
∫
D
∂h
∂ε
r˙ +∇×
∫
∂h
∂ε
mN +∇µ×
∫
fmN. (14)
Taking some technical steps similar to those of Eq. (11)
and noticing that
∇h =
∂h
∂ε
∇ε+
∂h
∂T
∇T +
∂h
∂µ
∇µ (15)
in the present case, we get∫
D
∂h
∂ε
r˙ = −(∇µ×
∂
∂µ
+∇T×
∂
∂T
)
∫
hΩq+∇×
∫
hΩq,
(16)
which is another pivotal result of our approach. It is of
interest because, as long as the material inhomogeneity is
absent one would only get
∫
D ∂h∂ε r˙ = 0, even in the pres-
ence of statistical inhomogeneity. However, introducing
the material inhomogeneity enables us to show that the
motion of the wave-packet center in bulk can contribute
to both the transport and magnetization currents.
Then the local thermal current density is given by
jh =∇µ×
∫
Ωqs (ε)T −∇T ×
∫
∂h
∂T
Ωq
+∇×Mh +∇µ×MN. (17)
HereMh andMN take the same expressions as those at
global equilibrium, with the only difference that µ and
T are now position dependent at local equilibrium. The
second line of Eq. (17) is thus the zero-electric-field ther-
mal magnetization current (3). The first line of Eq. (17)
is then identified as the transport thermal current.
In the thermal transport current induced by the chem-
ical potential gradient, we recognize the entropy density
for a particular state: s (ε) =
[
(ε− µ) f (ε)− g (ε)
]
/T .
Its appearance is not easy to understand, unless one as-
sumes the Einstein relation, which indicates that an iso-
thermal Hall entropy current jh/T = −eE ×
∫
Ωqs (ε)
arises due to the Berry curvature anomalous velocity
transverse to an applied electric field. In the following
we will prove this Einstein relation, which has not been
shown in a unified semiclassical theory.
In the presence of an electric field as well as statistical
inhomogeneity, the local energy current density is still
given by Eq. (7), but with the difference that the trans-
ported carrier energy changes to be ε+ eφ (rc), as shown
in the dynamic equations (4). Note that the electric field
does not equilibrate with the electron system thus the
equilibrium phase-space distribution function remains as
f (ε). Manipulations similar to Eq. (9) lead to the local
thermal current density
jh =
∫
Df (ε) (ε− µ) r˙ +∇×
∫
fmh (18)
+ eφ
∫
Df r˙ +∇× (eφ
∫
fmN) +∇µ×
∫
fmN.
Applying the aforementioned technics again, we get
jh = (eE −∇µ)× T
∫
∂g
∂T
Ωq −∇T ×
∫
∂h
∂T
Ωq
+∇×
[
Mh + eφMN
]
+∇µ×MN. (19)
5HereMh is the zero-electric-field thermal magnetization,
and we have used the relation s = −∂g/∂T .
The presence of the eφMN term just reflects the re-
sult in the quantum mechanical linear response theories
that the energy magnetization becomes ME + eφMN
in the presence of the electrostatic potential [16]. Here
ME stands for the zero-electric-field energy magnetiza-
tion. The general form of the bulk thermal magnetization
current given by the second line of (19) in the presence
of not only (φ, ∇µ, ∇T ) but also the material inhomo-
geneity is consistent with the full quantum theory (Eqs.
(76) and (77) in Ref. [16]). This achievement has not
been reached in previous semiclassical theories.
The potential field φ is introduced to produce the elec-
tric field E = −∇φ, and after achieving this one can
always set φ (rc) = 0. Therefore the thermal magnetiza-
tion current can be expressed as
jh,mag =∇×Mh − (eE −∇µ)×MN. (20)
In the absence of the material inhomogeneity (w field)
and statistical inhomogeneity,Mh is a constant in bulk.
Then jh,mag = −E ×M e, reducing to the result in the
previous bulk semiclassical theory [1]. There this mag-
netization current is obtained on the basis of a physical
argument of the material dependent part of the Poynting
vector, while here such an argument is not needed.
The transport thermal current is given by the first line
of Eq. (19) and can be rewritten as
jh,tr =
(
E −
1
e
∇µ
)
× T
∂M e,B
∂T
−∇T ×
∂Mh,B
∂T
, (21)
where M e,B = e
∫
gΩq and M
h,B =
∫
hΩq are the
Berry-curvature parts of the orbital magnetization and
thermal magnetization, respectively. Similarly, the trans-
port electric current is obtained as
je,tr = (eE −∇µ)×
∂M e,B
∂µ
−∇T ×
∂M e,B
∂T
, (22)
thus one immediately verifies the Einstein relation, the
Onsager relation and the Wiedemann-Franz law, in the
presence of material inhomogeneity (M e,B andMh,B are
implicitly dependent on local material parameters).
Equations (21) and (22) embody the Streda-type for-
mulas [11], which link the response coefficients for the
transport currents to the derivatives of magnetizations
with respect to µ or T . In insulators M e,B and Mh,B
can be replaced byM e andMh, respectively, recovering
the standard Streda formulas [28, 29].
V. APPLICATION TO HOMOGENEOUS
SAMPLES
The obtained transport and magnetization currents
[Eqs. (20) to (22)] are also valid in the absence of ma-
terial inhomogeneity. In fact, in homogeneous samples,
which all previous semiclassical thermoelectric and ther-
mal transport theories [1, 4, 6, 7, 11, 13] are designed
for, one can introduce an auxiliary nonuniform w field
that is removed at last to reach the above results. Our
approach thus unifies the treatment and understanding
of the intrinsic thermal transport in both homogeneous
and inhomogeneous samples.
With the identified thermal magnetization current
(20), we can also understand the intrinsic thermal trans-
port current in a relatively familiar way in homogeneous
samples, where ∇ = ∇µ ∂∂µ + ∇T
∂
∂T . In this simple
case the phase-space Berry curvature Ωqr vanishes, thus
D = 1 and r˙ = ∂qε − eE × Ωq. Then the local thermal
current density (18) takes the form of
jh = −eE ×
∫
∂h
∂ε
Ωq
+∇×
∫
fmh − (eE −∇µ)×
∫
fmN. (23)
Subtracting the magnetization current (20) from this
equation just recovers the transport thermal current (21).
An approach of the same spirit was employed in the pre-
vious bulk semiclassical theory [1] in the simpler case
where ∇µ = ∇T = 0. Only when the content of the
magnetization current is known is this approach feasi-
ble, whereas our theory appealing to an auxiliary mate-
rial inhomogeneity can provide the needed magnetization
current.
The result of the edge-current approach [6, 7], which
only applies to case with merely statistical inhomo-
geneities, can be derived from the present bulk theory as
well. To see this we turn off the electric field in Eq. (23),
which then reduces to jh =∇×
∫
fmh +∇µ×
∫
fmN.
Subtracting the magnetization current (20) yields
jh,tr = −∇×ME,B + µ∇ ×MN,B, (24)
with ME,B =
∫
(h+ µg)Ωq being the Berry-curvature
part of the energy magnetization. Concurrently, we prove
in the same way jE,tr = −∇ × ME,B and jN,tr =
−∇×MN,B. These results are exactly the same as the
pivotal ones of the edge-current approach (Eqs. (14) and
(15) in Ref. [7]). However, the transport-current nature
of jE,tr and jN,tr is not evident in the edge-current ap-
proach, since they take the form of a curl, resembling the
magnetization current instead. A straightforward way
to clarify this is to introduce the material inhomogene-
ity and apply our theory, which shows that the intrinsic
transport electric current, for instance, is not essentially
a total spatial-derivative, contrary to the orbital magne-
tization current, but is always given by Eq. (22).
VI. GENERALIZATION OF DRIVING FORCES
Above our theory has promoted the material inhomo-
geneity to be a basic trick in the unified semiclassical the-
ory of the intrinsic linear electric and thermal transport
6induced by the driving forces (E, ∇µ, ∇T ). Recall that
in the quantum thermal and thermoelectric transport
theories it is the fictitious gravitational field [6, 7, 17–
19] which serves as a vital trick to mimic the tempera-
ture gradient. However, unlike the gravitational field, the
trick of inhomogeneity has nothing to do with the driv-
ing force of transport, thus is not limited to the transport
induced by (E, ∇µ, ∇T ).
In this section we generalize our theory to the linear
electric and thermal transport driven by the spatial gra-
dients of any gauge-invariant static scalar (ϕ) and vector
(F ) fields that enter the single-particle Hamiltonian in
the form of ϕ (r) + θˆ · F (r). The genuine or auxiliary
material inhomogeneity is still represented by the nonuni-
form w field. Here θˆ is the physical observable operator
coupled to the F field. A specific example of θˆ ·F is the
Zeeman coupling sˆ ·Z (r), where sˆ is the carrier spin op-
erator and Z (r) is the Zeeman field. In fact, both θˆ and
F can be tensors in general, and the product denotes the
contraction between them. Thus θˆ · F also includes the
specific case where θˆ = e is the carrier charge and F = φ
is the electrostatic potential and hence the transport is
driven by the electric field. Only the spatial gradients of
ϕ (r) and F (r) matter and are assumed to be uniform,
and one can always choose ϕ (rc) = 0 and F (rc) = 0 at
the last of the linear response calculation.
The treatment regarding ϕ is completely analogous to
that of the electrostatic potential, so here we focus on
the transport induced by the gradient of the F field. The
local electric current density is given by je = ejN and Eq.
(10). The perturbed wave-packet energy needed in the
calculation reads ε+ θ · F (rc) + δε, where θ = 〈Φ|θˆ|Φ〉,
and
δε = dθij∂iFj (25)
is the energy correction induced by the dipole moment
of operator θˆ on a finite-size wave-packet [23] (∂i ≡ ∂ri).
This dipole moment takes the explicit form of
dθij = Im
∑
n′ 6=n
〈un|vˆi|un′〉〈un′ |θˆj |un〉
εn − εn′
, (26)
where n is the index of the band we are considering, and
n′ denotes other bands in the system. Therefore, up to
the first order of inhomogeneity we obtain∫
Df (ε) r˙i =
∫
f (ε) [∂qi (ε+ δε) + Ωqjrj∂qiε
+Ωqiqj (∂jε+ θ
0
l ∂jFl)− Ωqirj∂qjε],
where θ0l = 〈un|θˆl|un〉. Since the driving F field does
not equilibrate with the electron system, the argument of
the equilibrium distribution function remains as ε. Some
manipulations similar to those leading to Eq. (11) give
rise to je = je,tr +∇×MN, with the transport electric
current reading
je,tri = e
∫
f (ε)
[
∂qid
θ
jl +Ωqiqjθ
0
l
]
∂jFl. (27)
In the case where θˆ = e is the carrier charge and F =
φ is the electrostatic potential, we have δε = 0 since
the electric dipole moment of a wave-packet is zero [23]
(as can be directly verified using Eq. (26)). Hence the
transport electric current (27) reduces to the familiar one
induced by an electric field: je,tri = −e
2
∫
f (ε)ΩqiqjEj .
When θˆ is not a conserved quantity, its dipole moment
contributes to the transport current driven by the F -field
gradient.
Similarly, the local thermal current density is given by
jh =
∫
Df (ε) (ε+ δε− µ) r˙ +∇×
∫
f (ε)mh
+
∫
Df (ε) θiFir˙ +∇× [
∫
f (ε) θ0i Fim
N].
Applying the aforementioned technics again, up to the
first order of inhomogeneity we find
jh =
∫
s (ε)T
[
∂qδε+ θ
0
i∇Fi ×Ωq
]
+∇×
[
Mh +
∫
θ0i Fi(fm
N + gΩq)
]
. (28)
The second line is the thermal magnetization current
density. As is anticipated, the energy magnetization
in the presence of the perturbation θˆ · F changes by∫
θ0iFi(fm
N + gΩq). Accordingly, this form of the ther-
mal magnetization current density can be envisioned.
Nevertheless, one can easily check that, it cannot be ob-
tained by all the previous semiclassical transport theories
[1, 6, 7, 11]. In the case that θˆ = e and F = φ, the above
equation indeed reduces to Eq. (19, in the absence of
(∇µ, ∇T ).
The transport thermal current is then identified as
jh,tri =
∫
s (ε)T
[
∂qid
θ
jl +Ωqiqjθ
0
l
]
∂jFl. (29)
As the entropy density s (ε) goes to zero at the zero-
temperature limit, the above transport thermal current
behaves well in this limit. One could then ask if there
is the Mott relation linking the transport thermal and
electric currents, when they are driven by the first-order
spatial gradient of the F field. For these two kinds of
current, textbooks and previous studies only proved the
Mott relation in the case that an electric field is the driv-
ing force. Here the present theory enables us to extend
the regime of validity of the Mott relation to the case
where the F -field gradient serves as the driving force. In
fact, when the temperature is much less than the dis-
tances between the chemical potential and band edges,
the Sommerfeld expansion can be used [30], yielding the
entropy density s (ε) = 13π
2k2BTδ (µ− ε). Then we arrive
at the standard form of the Mott relation
jh,tr/T =
π2k2BT
3e
∂je,tr (ǫ)
∂ǫ
|ǫ=µ, (30)
where je,tr (ǫ) is the zero-temperature transport electric
current with Fermi energy ǫ.
7VII. CONCLUSION
In conclusion, we have provided a semiclassical descrip-
tion for the linear thermal transport induced by the elec-
tric field and the gradients of chemical potential and tem-
perature in the presence of material inhomogeneity, based
on pure bulk considerations. In our method, applying
simply the semiclassical equations of motion in the pres-
ence of material inhomogeneity leads to a systematic and
efficient approach to both the magnetization and trans-
port currents. The results that previously can only be
obtained in different theories even in the absence of ma-
terial inhomogeneity now emerge in a unified theory.
As long as the Berry-curvature modified semiclassi-
cal equations of motion hold for the considered quasi-
particles, the intrinsic thermal (energy) Hall response
falls into the present framework, irrespective of the spe-
cific content of Berry-curvatures in different physical con-
texts [1, 2, 4, 6, 11, 13, 14]. A particular example of cur-
rent interest is the thermal Hall effect mediated by the
Bogoliubov quasi-particles in superconductors [31] with
time-reversal broken pairing like d+ id [2]. However, to
derive the equations of motion (4) for bogolons is non-
trivial and has not been done up to now. This subject
deserves an elaborate investigation in the near future.
By introducing a fictitious inhomogeneity, this the-
ory also applies conveniently to homogeneous samples.
Therefore, our theory promotes the material inhomo-
geneity to be a basic and generic trick in the unified
semiclassical theory of the intrinsic linear thermoelectric
and thermal transport. Compared to quantum theories,
our theory is physically intuitive and technically simple.
Moreover, the trick of inhomogeneity is independent of
the driving force of transport, thus is not limited to trans-
port induced by temperature gradient, in contrast to the
trick of the fictitious gravitational field [17–19] in quan-
tum transport theories. We have included more generic
driving forces in our theory and established the Mott re-
lation between the resulting transport thermal and elec-
tric currents, whereas in textbooks [25, 26] and previous
studies the Mott relation for these two currents was only
known when they are driven by an electric field. In addi-
tion, to generalize our theory to cover the nonlinear ther-
mal transport [32] and linear thermoelectric responses
of various magnetizations [33] as well as the equilibrium
thermal (energy) quadrupole density is promising. This
potential may inspire further studies in the future.
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